Abstract A three-dimensional (3D) homogenized limit analysis model for the determination of collapse loads of out-of-plane loaded FRP reinforced masonry walls is presented. Homogenization is performed on unreinforced masonry, whereas strips are applied at a structural level on the already homogenized material. Unreinforced masonry strength domain is obtained by means of a compatible approach in which bricks are supposed infinitely resistant and joints are reduced to interfaces with frictional-cohesive behavior and associated flow rule. A sub-class of elementary deformation modes is a-priori chosen in the representative volume element (RVE), mimicking typical failures due to joints cracking and crushing. Masonry strength domains are obtained equating power dissipated in the heterogeneous model with power dissipated in a fictitious homogeneous macroscopic plate. Afterwards, an upper bound FE limit analysis code is implemented to study entire unreinforced and FRP reinforced walls out-of-plane loaded. For unreinforced masonry, rigid infinitely resistant wedge-shaped 3D elements are used. The utilization of 3D elements is necessary to simulate the flexural strength increase induced by the introduction of FRP strips with negligible thickness, which are modeled by means of triangular rigid elements. FRP strips contribution is taken into account assuming that masonry and FRP layers interact by means of interfacial tangential actions. Internal power dissipation is possible at the interfaces between wedge adjoining elements (masonry failure), at the interfaces between triangular FRP and wedge masonry elements (delamination) and between triangular FRP adjoining elements (FRP failure). Results obtained with the model proposed fit well both experimental and numerical data available for all the cases analyzed, meaning that the procedure proposed can be used in building practice.
Introduction
Unreinforced masonry structures comprise a significant amount of the building stock in many countries worldwide, but their behavior under out-of-plane loads shows a low capacity to withstand to horizontal actions. Out-of-plane failures are mostly related to seismic and wind loads and the lack of out-of-plane strength is a primary cause of failure in different forms of masonry, particularly in the case of historical buildings (see for instance [1] ). Consequently, many historical masonry structures require retrofitting to both comply with existing codes and improve out-of-plane strength.
Conventional retrofitting techniques, such as external reinforcement with steel plates, surface concrete coating and welded mesh, have proven to be impractical, time expensive and add considerable mass to the structure (which may increase earthquake-induced inertia forces). In this context, the utilization of "Fiber Reinforced Polymer" (FRP) strips as reinforcement instead of conventional methods is receiving growing attention in the scientific community, for the low invasiveness, durability and good performance at failure.
Despite the great importance and the increasing diffusion of such innovative strengthening technique, few numerical models devoted to the prediction of the ultimate load bearing capacity of FRP-reinforced masonry walls outof-plane loaded [2, 3] are nowadays at disposal.
In fact, numerical tools, to be reliable, should take into account several distinctive aspects related to both masonry and FRP reinforcement behavior at failure, such as masonry anisotropy [4, 5] , closely related to the constituent materials (mortar and units) and to the bond pattern, masonry limited compressive strength, and the fragile delamination of the FRP from the support [6] , which depends on a number of concurring factors, among the others the most important being bricks strength ).
Furthermore, when dealing with out-of-plane actions, the role of vertical loads on both ductility and out-of-plane ultimate strength has not yet been sufficiently understood and brings additional complexity to the structural analyses.
Laboratory tests conducted in the past (see for instance [8, 9] etc.) on brick masonry walls subjected to lateral loads, have shown both that failure takes place along a well-defined pattern of lines and that, in many cases, fractures occur at the interface between bricks and mortar. This suggests the utilization of the yield line theory to have a reliable prediction of both collapse loads and failure mechanisms without an excessive computational effort.
At present, the main problem in the development of accurate stress analyses for masonry structures is the definition and the use of suitable material constitutive laws. As a rule, three different approaches are possible, usually known as macro-modeling, micro-modeling and homogenization (see for instance [5, [10] [11] [12] [13] [14] [15] [16] [17] ). While in micro-modeling (e.g. [16, 17] ) a separate discretization of bricks and mortar (usually reduced to interfaces) is assumed, macro-models [18, 19] substitute the heterogeneous material with a fictitious anisotropic homogeneous one, thus needing much less time to be performed in complex non-linear analyses but requiring a calibration of the model with expensive experimental data fittings. Homogenization (e.g. [12, 14, 20] ) may be regarded as a compromise between micro-and macro-modeling, since macroscopic masonry behavior is obtained solving suitable boundary values problems on the unit cell, thus taking into account constituent materials mechanical properties and geometry only at the micro-scale.
As well known, limit analysis (a valuable alternative to expensive non-linear FE simulations) has been widely used for the analysis at failure of masonry structures [12] [13] [14] , because it requires only a reduced number of material parameters, providing limit multipliers of loads, failure mechanisms and, at least on critical sections, the stress distribution at collapse.
In this framework, with the aim of reproducing FRPstrengthened masonry panels behavior when loaded out-ofplane, a mesoscopic homogenization model is presented.
Masonry unreinforced strength domain is obtained by means of a compatible kinematic approach [10, 21] in which joints are reduced to interfaces with a cohesive frictional behavior and bricks are supposed infinitely resistant. Subsequently, FRP strips are applied on the already homogenized material.
Masonry skeleton is represented by a three-dimensional (3D) discrete system of blocks interacting through interfaces (the mortar joints). Bricks are supposed infinitely resistant, whereas for joints a Mohr Coulomb failure criterion with tension cut-off and compressive limited strength is adopted.
A full description of the model can be given considering a representative volume constituted by a generic brick with its 6 neighbors. A sub-class of possible elementary deformation modes acting in the unit cell is a priori chosen in order to describe joints cracking under normal and tangential actions. Finally, power dissipated in the discrete model is equated to that dissipated in a continuum macroscopic 2D equivalent plate (identification). Since internal dissipation can take place only at the interface between bricks, a simple constrained minimization problem in few variables is obtained. Macroscopic masonry failure surfaces are numerically evaluated as a function of the macroscopic in-plane actions (shear and normal actions) and out-of-plane shear.
Macroscopic strength domains so obtained are then implemented in a novel upper bound FE limit analysis code for the analysis at collapse of entire FRP reinforced walls outof-plane loaded. Rigid infinitely resistant wedge-shaped 3D elements are used to model masonry at structural level. The utilization of 3D elements is necessary to simulate the flexural strength increase obtained by the introduction of FRP strips with negligible thickness. On the other hand, wedgeshaped elements are utilized with the aim of reproducing possible diagonal failure occurring on masonry plates, due to the development of cracks (caused by bending and torsion) which zigzag between contiguous bricks. FRP strips are modeled by means of triangular rigid elements. Masonry and FRP layers interact by means of interfacial tangential actions between triangles (FRP) and wedges (masonry). Furthermore, a possible limited tensile strength for the FRP reinforcement is considered at the interfaces between adjoining triangular elements. In this way, both delamination phenomenon at the FRP/masonry interface and FRP tensile failure may be taken into account. Despite the fact that delamination is a typical fragile phenomenon, an equivalent ultimate shear strength for FRP/masonry interface is assumed in the framework of limit analysis, following formulas provided by the recent Italian norm CNR-DT 200 [7] for the peak delamination strength. Furthermore, it has to be emphasized that the limit analysis approach here proposed is based on the use a perfectly-plastic material response for masonry and for the FRP/masonry interface, i.e. softening effect and limited ductility cannot be considered.
